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Students’ algebraic proficiency is debated worldwido investigate the development of algebraic
proficiency in Dutch secondary education, we seatgbudy, in which 1020 students in grades 8 — 12
took four algebra tests over a period of one yRasch analysis of the results shows that the stsiden
do make progress throughout the assessment, duhtharogress is small. A qualitative analysis of
test items that invite structure sense reveals shadents’ lack of structure sense may explain the
results: the majority of the students were not abldeal flexibly with the mathematical structure o
expressions and equations. More attention to strectense in algebra education is recommended.
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Student achievement in algebra is a worldwide concern. Itignahcomparative studies
such as the Trends in International Mathematics and Scienmy $TIMSS) and the
Programme for International Student Assessment (PISA) indugesiwstudies on how to
improve students' algebraic proficiency (e.g., National Magties Advisory Panel, 2008). It
is widely accepted that this proficiency includes not only pro@dikills but also involves
algebraic insights.

In the Netherlands, the discussion on algebraic proficiency foarsélae level of basic
algebraic skills in the transition from secondary education to higtiecation. Complaints
were heard that students are not proficient in basic algealgacithms and cannot apply
them correctly. As a result, educators and politicians ¢dite a stronger emphasis on
procedural skills (Van Gastel et al., 2007). The following exasnfstan McCallum (2010),
however, illustrate that the demands in higher education exceetkwbl of superficial
procedural fluency:

e recognizing that — is linear inP (finance);

* identifying ———— as being a cubic polynomial with leading coefficient
(calculus);

* observing that - vanishes whem = c (physics);

* understanding that halves whem is multiplied by 4 (statistics).



63 I. Van Stiphout, P. Drijver& K. Gravemeijer

To address this worldwide and national debate on algebra achievameot) procedural
fluency and conceptual understanding in particular, we decided testigate the
development of algebraic proficiency in Dutch secondary education

What is Algebraic Proficiency?

As an introduction to our research, we will first discuss wiat understand by
proficiency. In doing so, we focus on two aspects, namelyela¢éion between procedural
fluency and conceptual understanding, and the notion of struchse.se

The Relation between Procedural Fluency and Conceptual Uedstanding

The distinction between procedural fluency and conceptual understasdaaptral in
discussions on algebraic proficiency. Skemp (1976) distinguished knowingohapply the
rules and algorithms correctly (instrumental understanding) and kndnwihgvhat to do and
why (relational understanding). Kilpatrick et al. (2001) see proeg¢fluency and conceptual
understanding as two of five strands of mathematical proficjeatyng with strategic
competence, adaptive reasoning, and productive disposition. To Haeloketefevre (1986),
procedural knowledge comprises the formal language (including theboty), and
algorithms and other rules.

It is widely accepted that procedural fluency and conceptual statkeling have to go
hand in hand: algebraic expertise encompasses a continuum which fiaomgebasic skills
such as procedural work for which a local focus and algebraic la@dris suffice, to
strategic work which requires a global focus and algebraicomgas and conceptual
understanding. The latter aspects are probably the hardestricatehto teach, but at the
same time, the above examples of McCallum (2010) show the temmger of flexible skills
such as the ability to read through symbolic expressions and terlgleselect and use
symbolic representations. In line with this, Sfard and Linche{(&¥94) argue that flexible
manipulation skills can be seen as a function of the versailayailable interpretations, and
the adaptability of the perspective. In their view, thesetsilare part of a structural mode
of thinking.

Symbol Sense and Structure Sense

To capture the flexible skills that are involved in algebyanaficiency, Arcavi (1994,
2005) introduced the notion of symbol sense. He defines symbol seasmplex feel for
symbols that includes a positive attitude towards symbols giabal view (or Gestalt view)
of expressions. Part of this global view is the ability tarémough symbols. As an example
of this, Arcavi (1994) discusses the equation (2x+3)/(4x+6) = 2. Retdimggh the symbols

reveals that the left-hand side of the equation egualsall -, because the numerator
equals half the denominator. Inspecting the equation before startisglvi® it with the

purpose of gaining a feeling for the meaning of the problem is sean mstance of symbol
sense.

As a second example, Arcavi (1994) discusses Wenger’s equation, ,
which is to be solved for v (Wenger, 1987). The difficulty heréirecognize this equation
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as linear in v and to overcome the visual salience aéqbare roots in the equation (Kirscher
& Awtry, 2004). This requires identifying parts of the expressierunits, an ability that is
referred to as the Generalized Substitution Principle (Wed§87).

To solve Wenger’s equation, the ability to recognize its — Bdase linear — structure is
crucial. This ability is labeled as structure sense. Tira &ructure sense is introduced by
Linchevski and Livneh (1999, p. 191) to describe the ability “to use algmivstructures of
an expression flexibly and creatively.” In high school algebractire sense encompasses a
collection of abilities, such as: recognize a structure,aspart of an expression as a unit;
divide an expression into meaningful sub-expressions; recognize whiolputagion is
possible and useful to perform; and choose appropriate manipulatiomsakethe best use
of the structure (Hoch & Dreyfus, 2004, 2006). Novotna and Hoch (200Bjedstfucture
sense as students’ ability to (1) recognize a familiarcgire in its simplest form, (2) deal
with a compound term as a single entity and through an appropriatéutigostecognize a
familiar structure in a more complex form, and (3) choose appreprianipulations to make
best use of a structure.

We believe that structure sense, as defined by Novotna and (B00B), is such an
important aspect of algebraic proficiency that it is worth shglin more detail. In contrast
to Novotna and Hoch, we consider structure sense to be part of syertsad rather than
being separated ability, namely the part of symbol sensenValvés seeing structures and
patterns in algebraic expressions and equations, which is neededcainying out algebraic
manipulations such as simplifying expressions and solving equations.

Research Questions
In light of the above, we have formulated the following regeguestions.

1. How does students’ algebraic proficiency develop from a crasosel
perspective?

2. How does students’ algebraic proficiency develop from an iddaliperspective?

3. How does students’ algebraic proficiency develop in ternssro€ture sense?

How to Investigate Research Questions?

To address these questions, a set of test items was dedignedests consisting of
subsets of these items were administered over a caleratainye partly cross-sectional and
partly longitudinal design. Within the cross-sectional perspectixe first determined the
distributions of the scores of groups of students at a givesstiand then compared those
distributions. Within the longitudinal perspective, we looketi@at the scores of individual
students developed.
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Test Design

Because the complaints made by students as well as educatmailpriconcern
algebraic skills taught at the lower secondary level, thebatgtest items focus on algebraic
skills taught in grades 7 — 9 (Van Gastel et al., 2007, 2010). Tieess are based on the
attainment targets formulated by the Dutch Ministry of Educatf@wiure and Science,
combined with the theoretical considerations discussed above,raridspired by Dutch
textbook series and literature. In Dutch upper secondary educatidentt choose one of
four different streams, each with a different mathematiesiculum. Because of these
different programs, the items cover only the common algebra topibgh include
expanding brackets, simplifying expressions, and solving equations. |§&bkraa items
included range from basic skills to symbol sense in genemdlst@ucture sense in particular.
The complete list of algebra tasks can be found in the Appelmdaddition, numerical tasks
are included that relate to the transition from arithmeti@lgebra. These items are not
addressed in this article; they are, however, includeaeifiRasch scales discussed below.

From the set of items, four tests were composed. Eachs# thsts consisted of 12 to 16
items and was designed to be completed in half an hour, in order pegttiourden the
students and teachers. The four tests consisted of open quéstiomsyorked out with paper
and pencil. In this way, we avoided students’ guessing answerisiglthe tests, calculators
or notes were not allowed.

Test Administration

We assessed students in March 2008, May 2008, October 2008, and Y&0Q@wr
Students of grades 8, 9, 10 and 11 (ages 13-16) participated in theanftrssecond
assessment. After the summer vacation, these studlergsin grades 9 up to 12 in October
2008 and February 2009. To be able to follow individual students, we havsiunded items
in different assessments to enable an anchor design.

Table 1

Number of students taking the tests
Grade March May October February  Part. Part.

2008 2008 2008 2009 4’ 31

8/9 164 227 173 171 94 266
9/1C 163 160 129 114 56 217
10/11 243 185 163 144 90 268
11/12 244 204 188 72 37 269
Total 814 776 653 501 277 1020

Table 1 provides an overview of the numbers of students who took theResr schools
participated, all making use of one of the two mostly used Dietdhbook series and in that
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sense representative. From each school, two classeslofyesie were involved. In total,
1020 students participated at least once and 277 students took &aistsur

During data collection a curriculum reform took place. The newatam for the grade
10/11 cohort pays more attention to algebraic skills than the old oweHort grade 11/12,
most notably: solving equations, simplifying and calculating wisictions and square roots
(Ctwo, 2009). In the interpretation of the findings, this curdoulchange will need to be
taken into account.

Rasch Scales for Algebraic Proficiency

After data collection, the students’ written answers wemded 1 for correct and O for
incorrect. Doubtful cases were discussed with colleagues. Tosarthly test results, we used
the Rasch model, a one parameter item response model (RaschB&880% Fox, 2007;
Linacre, 2009). With a Rasch analysis, one linear scale&ear on which both persons are
situated according to their ability and items according to tfificulty. On this scale, not
only the order but also the distances between the items astlittemts have meaning. Rasch
theory supposes that the probability of a person giving a correceamswan item is a
logistic function of the difference between that person'stabihd the difficulty of the item.

The probability P, of personn with ability B, to correctly answer itemn with difficulty D,

eB"' bi
is given byP, =

1+e™ %

Both the ability of the persons and the difficuttlythe items are measured in so-called
units of log odds ratios, or logits. The local anigf the Rasch scale is usually situated in the
center of the range of item difficulties. If theildp equals the item difficulty, that is, if

et @ 1
1+eBn—Di _1+eo - 2'

For each assessment, including the arithmetic ms&gts, we created its corresponding
Rasch scale. Next, we connected the four Rasclesst®l using anchor items, i.e., similar
items in the different assessments. As a reseif)stof all four assessments are placed on one
scale. Also, students of different assessments &&esch measure on one scale.

To determine which items students master, we neettide what we view as mastery.
We consider a probability of 80% of answering agmitcorrectly as an expression of

mastering that item. From the Rasch model it foidivat a probability 00.8 of personn
answering itemi correctly corresponds to an ability, which is1.39 logit higher than the

B,- b .39
difficulty D, of itemi because ifB,- D =1.3S, thenP,, = © 5 = ¢ - »0.8. As a
1+e™ % 1+€
consequence, we consider that students with a meeasleastl.39 higher than the measure
of the item master that particular item. The fittoé Rasch model to the data was checked.
With respect to the reliability, we found values.@0, .70, .66 and.68 for assessments 1,

2, 3 and 4, respectively. These reliability scaras be compared to Cronbach’s alpha.

B,=D, thenP, =
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Differences between Student Cohorts

To address the first question on the developmethefifferent cohorts of students, we
performed a cross-sectional comparison of gradethr8ugh 12. Figure 2 shows the
percentiles of Rasch measures in logits of the fmirorts of students. As the number of
participating students varied over the assessmérgsbars between the dashed lines only
partly represent the same students.

Grade 12 February 2009 (N =72)

Grade12 October 2008 (N = 188)
Gradell May 2008 (N =204)
Grade 11 March 2008 (N =244)

Grade11 February 2009 (N =
Grade11 October 2008 (N = 163)
(N =
(\ —

Grade 10 May 2008 N = 185)

Grade 10 March 2008 N =243)

Grade 10 February 2009 (N = 114)

Grade10 October 2008 (N =129)

Grade 9 May 2008 (N = 160)
Grade 9 March 2008 (N =163)

Grade 9 February 2009 (N =171)

Grade 9 October 2008 (N =173)

Grade 8 May 2008 (N =227) :
Grade 8 March 2008 (N =164)

-6 -5 -4 -3 =2 -1 0 1 2 3 B 5 logit

Percentiles

0% 10% .23‘/( 5(;% T':‘/( 90% 100%
Figure 1.Cross-sectional percentiles of all grades in sdeasments.

Figure 1 shows that the averages of the differes¢ssments generally increase with the
grades. For the central 50% of the students (th#ewtarts of the bars), the difference
between the lowest average (grade 8, May 2008}rentighest average (grade 12, February
2009) is approximately two logits. Thus, the disp@n within the twelve or sixteen different
assignments is rather small with regard to the wiffee between the worst and the best
scoring student (the length of the whole bar). éffwcus on 80% of the students (i.e., leaving
out the best and worst 10%), we see that they @hérva range of at mos3.8 logits of each
other. Grade 9/10 performs better than grade 8#9gaade 10/11 performs better than grade
9/10. The difference between grade 10/11 and gtadE? is less obvious. Here we note that
the curriculum of students in grade 11/12 diffemrfrthe curriculum of students of the other
grades on algebraic skills, which makes it hardnterprete this lack of difference between
grades 10/11 and grades 11/12.

To sum up, the cross-sectional analysis showedtlieae is progress and there is only
little dispersion among the central 50% of the stisleThere seems to be a growth in ability
between the cohort of grade 10/11 and that of gidd&2, which might be a positive effect
of the curriculum changes in the Netherlands.
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Individual Proficiency Development
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Figure 2.Rasch measures of students in the first and fassessmenNE390).

To address the second question on the developmemdividual students’ algebraic
proficiency over time, Figure 2 shows the Rasch mmemsents in logits of individual
students in the first assessment (horizontally)irejathe similar results of the fourth
assessment (vertically). Each dot represents oderstuvho participated in both the first and
the fourth assessment. Students above the dasteedriproved their performance, whereas
students below the dashed line show a decreasitity.albhe open dots represent students
who did not make significant difference; the fillatbts represent students who made
significant progress or retrogress. Based on &% @onfidence intervals provided by the
Rasch analysis, the results show that the majofitthe students (358 out of 390) did not
make significant progress. Some students (30 o896 did make progress, whereas 2
students retrogressed.

Summarizing, this analysis showed that individualdenhts make progress during a
calendar year, but that only few students made fgignt progress.
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A Closer Look on Structure Sense Iltems

February 2009
Gradel2 (N = 72)

(
Gradell (.\: = 144) |
Gradel0 (‘\. = 114) :
Grade 9 (N =171) : 7
|
-1 3 2 -1 o 1 2 3 4 5 6  7logt
1
Al: A classmate asks for your help to solve "‘; =3. :::|
He does not know how to start. 1
Describe what you would do to help your classmate. :
1
522 by A
A3: Simplify: 2 D = ——]
1
A2: Solve: 2 =3 —
A2: o = ;
1
1
A5: Solve: (z —5)(z+2)(z—3)=0. i s—
1
AS8: Is there any z for which %:—é =27 i
If so, calculate z; if not explain why such z does not exist. |
1
|
A9: S(J\'v: 1-1\/-'3 = ‘l + 211\/3 ) i —|
The square roots may remain. !
1
1
A10: If avb =1+ 2ay/1+0, then a = 1 | —

Percentiles

0% 10% '_’SI‘% :';(;% TT:% 90% 100%
Figure 3.February 2009 student percentiles and structurgestasks on the Rasch scale.

To investigate students’ proficiency developmenaimore qualitative way, we analyze
in greater detail the tasks that are tailored tocsire sense. We selected ten tasks from the
four assessments for which recognizing the algelstucture of an expression or seeing a
part of an expression as a unit really pays offufé 3 provides an overview of student
measures of the fourth assessment in February 20@Bthe task difficulties. For clarity’s
sake, in case of similar tasks, we included onlg task in the Figure, resulting in seven
tasks: one involving simplification an expressitive other six on solving equations.

Central in Figure 3 is the horizontal axis withitsgas units. The gray scaled bars above
the axis represent student ability in percentileshie fourth assessment in February 2009.
The bars below the horizontal axis represent tffecdlity of the tasks on the Rasch scale.
The left-hand side of a bar corresponds to a piitthatof 0.50 of answering the
corresponding task correctly, which is usually nefd to as the Rasch measure of the task;
the right-hand side of the bar corresponds to d&ability of 0.80 of answering that task
correctly. Tasks for which the corresponding baoh the left-hand side of the dashed line
are mastered by at leas9% of the grade 12 students. Figure 3 shows thaeakn tasks are
mastered by less tha2b% of the grade 12 students.

Below, we discuss the students’ performance on efttte seven tasks.

Items Al and A2: Fraction in Equation

In the first assessment (March 2008), students \@sked to report the first clue they

would provide a classmate to help solve the equatieiz 3. The Rasch measure of

4+ —
1+x

this task, Al, is- 0.31 logit (probability of succes®.50). The way the task was formulated
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left room for answers such as “l would call thectear for help.” This kind of answer
revealed problems in the dichotomous coding of studeswers. To avoid this kind of
answer, a formal version, A2, was included in theltassessment. The Rasch measure of the
latter version i90.01 logit, so the tasks did not differ much.

To solve these equations, different strategiesbeansed. For example, students may use

the cover-up method and cover the denominator. By, the equation becom%v%j: 3,
which is easily solved, providing . Following this line of thought, the next step wbu

be 4+ D=5 which impliesl+i =1. This equation in turn could be solved by covetihg
X

denominator, thus yieldingeé:l, which impliesl+x =6. An example of a more formal

strategy is to multiply the numerator and the deinator both withl+x, or multiply both

sides of the equation with the denominaﬂorli. These strategies have in common that
+ X

students have to identify a part of the equatidme (Denominator, or a part of the
denominator) as an object, which is seen as an ssipreof structure sense.

Item A3: Simplification

In the second assessment (May 2008), we askednssutdesimplify the expression
5x* +10- 2(23+ 4)
X2 +2 '

The Rasch measure of this task-18.22 logit (probability of succes$.50). A similar

task, A4, with Rasch measur®.50, was included in the fourth assessment (Februa@@
. . 242 . .
This formula has the structur%v%v which leads t%. But simply expanding the

brackets and taking similar terms together yieldssdum@e. In both cases the next step is to
recognize that this fraction consists of two siméapressions that are divided, so the fraction
yields one.

Vereenvoudig zo ver mogelijk: Vereenvoudig zo ver mogelijk:
522 +10 — 2(22% +4) _ 522 + 10 — 2(222 + 4)
2242 - 22+2
v 2. 2
53+ 8( 2X +4)
- 520410 =Y «F
X +2 ——
v A
A .
5y 4 bx t+32 = A"+
X2 L +2
215E 432 > = O
X242 L +2~

Translation:Vereenvoudig zo ver mogelijk: Simplify

Figure 4.Work of a grade 8 (left) and a grade 10 (rightdsit.
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An example of the difficulties students experientedresented in Figure 4. The grade 8
student rewrote the numeratdx’ +10- 2(2¢+ 4)to 5x* +8(2x* + 4) by erroneously taking

10 and - 2 together. To this student, the algebraic structiirthe numerator was not clear.

Another type of error is shown in the right screéifrigure 4. This grade 10 student correctly
N o oxXP+2 x> +2 _
simplified the expression te)J(Tz. Then he concluded th% equals zero instead of

one. This error might stem from an inability to ske &lgebraic structure of the expression,
but other explanations such as a deep misunderstanéifractions or the student being used
to the form “expressior 0” seem also reasonable.

Item A5: Factorization

In the second assessment, students were askeldedls® equation
(x- 5)(x+ 2)(x 3)=0.

This requires students to identify the underlyifgghlraic structure, which involves three
factors on the left side of the equation, and tleelpct of these three factors equals zero. The
structure isAXB £ =0, which impliesA=0 or B=0 or C=0. The Rasch measure of this
task is0.68 logit (probability of succes6.50). A similar task, A6, was included in the fourth
assessment. This task was perceived as less difficith a Rasch measure e0.60 logit,
probably due to a test-retest bias. The difficudfythese tasks can be explained by the
students' tendency to expand the brackets, aftetwthey could not find the factorization.
Some of the students came to see the error andamsxbiey giving the correct answer.

Translation: Los op: Solve

Figure 5.Work of grade 12 student.

Figure 5 shows such a work of a grade 12 studewt stéirted to solve the equation by

expanding the brackets. In the second line ofwhisk, he correctly wrote that
X3 - 4x%+ 3x°- 12x ¥ 4x 3x 12=0.

Moving to the next line, he forgot the facterl2x, so erroneously concluded that
x*- 2x°+ x+12=0. In the next line, which is scratched, he startedfactor out X.
Apparently, then he realized that the solutionslmafound more easily and wrote the correct
solutions down.

The students' tendency to expand the bracketsatediche visual salience of the brackets.
The underlying structure oAxB &= 0 is overlooked.
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Item A8: Arcavi's Equation

In the section on structure sense, we addressesjtraion(2x + 3) / (4x+ 6) = Z. Arcavi

(1994) argues that resisting the impulse to imnteljissolve the equation, and instead to try
to read meaning into the symbols, is an expressiocsymbol sense, and in our opinion of

structure sense in particular. In this examplegduires that students recognize the fez%
in the expression(2x+ 3)/(4x+ 6). To do so, it is necessary to s@x+3 as a unit.

However, realizing tha{2x + 3) / (4x+ 6) equals% is not necessary for the solving process.

Just solving the equation and finding the solution - 1% and realizing that the denominator

equals zero, is a correct procedure for solving dgjuation. So, reading through the equation
and seeing the structure is practical, but not seay.

The ability to seeziA manifests more structure sense than finding théiso for which

the denominator equals zero and then concludingtiieaequation does not have a solution.
Since more structure sense is supposed to be arssikmn of a higher level of algebraic
proficiency, we expect students with more symbakseto have a higher Rasch measure, and

thus we expect students who sg% to have a higher Rasch measure than students who

found the solution for which the denominator equadéso. To investigate this relation

between these strategies and students’ proficiemeyperformed a qualitative analysis of the
written answers of the students. As we were intecef the strategies used to solve this
equation, we restricted the analysis to the coreewdwers. The analysis yielded three

categories of students. First, students that artjustdthe quotient equal%. These students

recognized the structur%AiA in the equation. The second category containsestsdwho

found the solution for which the denominator equadso. These students correctly argued
that this solution is no solution. The third catggeontains students who gave another
argument. For example, these students only wrote’ “Another example is a student who
argued thai2x+1) / (4x+ 2) equals a fraction betwedhand1. From the501 participating

students in the fourth assessment, 105 gave acteokition. Half of these students used the
strategy of the first category. The other studevese nearly evenly distributed between the
other categories.

Figure 6 shows the relation between strategy aililyagain, the central line represents
the Rasch scale of proficiency. The gray scaled baftow the axis represent percentiles of
students' Rasch measures in the fourth assessmiéabruary 2009. The dots above the axis
represent students in a particular grade with agoderr strategy.

From the figure we see that, although more studsoiige the task correctly using the

strategy “quotient equa% ” than using the strategy “denominator zero,” treesé&h measure
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of the students using the former strategy is nghdm than those using the latter. In other
words, the strategy that is supposed to be a méatii@s of more symbol sense does not
imply a higher Rasch measure.

Figure 6.Students’ ability combined with the strategy used.

In our view, this means that either the relatiotwleen strategy and structure sense is not
as strict as the literature suggests, or the ogldietween structure sense and the underlying
latent variable of the Rasch scale is weak. Infohmer case, the strategy students use might
depend on the strategy they think they are expeftudedse based on the recipes Dutch
textbooks provide. Students might think that theyeh#o use these recipes as part of an
(implicit) didactical contract (Brousseau, 1990)offrthis point of view, the more broadly
applicable strategy “denominator zero” might be vidwas more valuable, because this

strategy could also be used in case the equatidrbBan(2x+1)/(3x+ 2) =%. However,

this single case cannot justify radical conclusjdnsther research on the relation between
strategies, structure sense and algebraic protigiseems appropriate.

Items A9 and A10: Wenger's Equation

The two items with the highest difficulty, A9 and ®lare adapted versions of Wenger's
equation. Figure 3 shows that these two tasks fegrbeyond the ability of all students. In
the first assessment, we included Wenger's equigtiomhich we replaced the lettetsand v
for readability with the letter& andb. We did not ask students to solagb =1+ 2a/1+ b
for a, because Dutch students are not familiar with kimsl of question. Instead, we asked

students to rewriteew/b=1+2a/1+ b as an expression of the foran= .... The analysis
revealed that this way of asking is ambiguous tdestts. For example, students divided both
1+ 2av1+Db

sides of the equation WB , Which yields toa = . This is not the kind of answer

N

we intended to see, but somehow meets the purptneajuestion. Exactly two students out
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of the 650 of grades 9, 10 and 11 were able toestitis equation. These two students

: . , 1
recognized the linear form of the equation and dheecorrect answeg = ————

Jo- 2B b’

In the third assessment, an adapted version aédhation was included. In this version,

we substitutecb = 2, so the equation to be solved becag® =1+ 2ay/ 3. Only 19 out of
the 653 participating students were able to solve thik.tas

The difficulty of Wenger’'s equations is explainey siudents’ inability to recognize the
linear form of the equation. This requires studdntsense the symbols as arranged in a
special pattern, which is an expression of strectanse. Wenger (1987) found that students
are able to perform manipulations correctly, besthmanipulations do not lead to a solution.
Rather, students go round in circles, create moneptex expressions and then reduce these
terms. The square roots that serve as coefficiartsis equation may be interpreted by the
students as a signal to square both sides of thatieq. The unfamiliarity of students with
square roots as coefficients can enhance the vealance of square roots (Kirscher &
Awtry, 2004).

We agree that recognizing the linear form is ciudiasolving the equation. However, in
our view, there are other hurdles. First, the umeational sequence of symbols in

av2 =1+ 23/ 3. In this equation, the variable is followed by tiemerical coefficient in the

left-hand side of the equation. In the right-hamdesthe variable is in the middle of the
numerical coefficient. This is an unusual sequesfcgymbols for Dutch students, because in
Dutch textbook series, the numerical coefficientally precedes the variable. In this way,

the equation would have beaffa =1+ 2/ 3. We realize that this is only a slight difference

for an expert. But we believe that to studentss tthange of order perhaps makes the
difference between being able or not being abkotee the equation. The role of the order of

symbols in exercises would be an interesting topforther studies.

The second hurdle concerns the different roleh@fvariablesa and b in the equation.
The a in the equation serves as unknown, whereabtherves as a variable. The versatility
of the use of variables is a well known difficuity mathematics and has been studied by
many researchers (e.g., Matz, 1982; Janvier, 1886nick, 1981; Wagner, 1983; Trigueros
& Ursini, 1999; Drijvers, 2003; Ursini & Triguero2001; Schoenfeld & Arcavi, 1988). The
skill of flexibly dealing with the different rolesf variables can be seen as part of a broad
view on equations. The results for these tasksesigbat students do not have such a broad
view.

Summarizing, our findings confirm that Wenger’s atijpn presents students with several
difficulties. These difficulties all concern theiltly to recognize the linear structure of the
equation which can be seen as a part of strucéurges The students’ performance on the two
linear equations does not allow us to conclude whbicthese difficulties is paramount, but in
our view, solving these equations requires strectanse which the students apparently
lack.
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Conclusion and Discussion

In this article we set out to answer the follownegearch questions.

1. How does students’ algebraic proficiency developifra cross-sectional perspective?

2. How does students’ algebraic proficiency developfian individual perspective?

3. How does students’ algebraic proficiency develofemmns of structure sense?

In answer to the first question, we found thatBhgch student cohorts involved in the study
made some progress. In general we concluded thadeérsts mastered simple tasks, but tasks
become too complicated rather quickly. The diffeeebetween grade 10/11 and grade 11/12
is small. This might be explained by the aforenmred curriculum change: students in grade
8/9, grade 9/10 and grade 10/11 followed a cumicuthat includes more algebra than the
program of students of grade 11/12. This curricutdrange might have had a positive effect
on students' algebraic proficiency of the studdntsn grade 8/9 through grade 10/11.
Furthermore, there is little dispersion among thedhe 50% of the students.

Related to the second question, the analysis ofabelts yields that the majority of the
individual participants did make progress from fhet to the fourth assessment, so in a
period of one year. However, this progress was significant for the majority of the
students. The answer to the third question isttiere are only few tasks that were mastered
by the majority of the students. Although studestiswed progress both cross-sectionally
and longitudinally, this progress did not encomghssmajority of the items. In other words,
the majority of the items were too difficult fousents of grade 8, and were still too difficult
for students of grade 12. Furthermore, the rangieais that the majority of the students
mastered did not include tasks that involve conadpaspects of algebraic proficiency, and
for structure sense in particular. In answeringtthied research question, we found that the
majority of the students was not able to deal Bixiwith the mathematical structure of
expressions. Also, the notion of structure sensgqat valuable to interprete student results
and to explain student difficulties. For examplég tinability to solve the equation
(x- 5)(x+ 2)(x 3)=0 can be understood as the inability to recognize rfa¢hematical

structure AxB £=10 that implies A=0 or B=0 or C=0, which is a lack of structure
sense.

To put those results in perspective, we have te tato account some limitations of the
study. First, because we did not want to place heavy a load on the teachers and the
students, we chose to keep the number of test itefasively low. As a consequence,
differences would have had to have been quite laydee significant. Second, a curriculum
change took place during the data collection. Tee ©urriculum pays more attention to
algebra. We took this change into account by cahetuthat the curriculum change might
have a positive effect if the growth continues.

If we reflect on the study’s results, we considem as disappointing in that the students
hardly develop structure sense. The results sugiest Dutch students hardly develop
structure sense as is evident from the studerdbility to

see that 15/(4 + (6/(1®)) = 3 can be read as 15/W = 3, which means thaiHB
(providing W

observe that the expressioné 5 10 and 2+ 4 are multiples of* + 2;

recognize the expression las a multiplication;
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recognize the equation of Wenger as linear.
These examples reflect the demands of higher edueatis expressed by the examples of
McCallum (2010) mentioned in the introduction—whichxceed the level of procedural
fluency. Students tend to choose the routine wagdtving problems, and do not manage to
step out of the procedure in order to reconnecthé& underlying meaning when needed
(Arcavi, 1994).

The students’ tendency to focus on routine proceslumight be a consequence of the
didactical contract to which the textbooks conti@urhese textbooks tend to focus on the
procedures and not so much on symbol sense aradlwsisense (Van Stiphout, Drijvers &
Gravemeijer, 2013).

A limited feel for the structure of expressionsddar (sub)expressions as objects (Sfard
1991) is an obstacle for reaching a higher levetaiceptual understanding in which the
structure and ambiguous nature of the algebraectbpre central. Reaching this higher level
is inherently difficult and involves a shift of ttking. How to reach this higher level is a core
concern of the mathematics education research coitynWe may conclude that the call
from educators and politicians for more attentionrdutine and procedural skills will not
solve the students’ problems, because the probieitins the more difficult items do not
primarily stem from a lack of procedural skills, tbmmore from a lack of conceptual
understanding.

Acknowledgements

This article is based on Chapters 2 and 3 of tis¢ duthor's PhD study: Van Stiphout, 1.
M. (2011). The development of algebraic proficien(octoral dissertation). Eindhoven
School of Education, Eindhoven, The Netherlands.

References

Arcavi, A. (1994). Symbol sense: Informal sense-imgkn formal mathematicgor the
Learning of Mathematics, {3), 24-35.

Arcavi, A. (2005). Developing and using symbol seits mathematicd-or the Learning of
Mathematics25(2), 42-47.

Bond, T.G., & Fox, C.M. (2007 Applying the Rasch model: Fundamental measurement i
the human sciencg¢Second Edition Mahwah, NJ: Lawrence Erlbaum.

Brousseau, G. (1990). Le contrat didactique: leemil[The didactical contract: The setting].
Recherches en didactique des mathématiqyas, 309-336.

Ctwo. (2009). Rapport tussenevaluatie van de 2007-programma’skumde havo/vwo
[Report on the intermediate evaluation of the 2@@dgrams mathematics havo/vwol.
Retrieved 15 December 2013 from http://www.ctwo.nl/

Drijvers, P. (2003)Learning algebra in a computer environment: Desigeearch on the
understanding of the concept of paramgf@octoral dissertation). University of Utrecht,
The Netherlands.



77 I. Van Stiphout, P. Drijver& K. Gravemeijer

Hiebert, J., & Lefevre, P. (1986). Conceptual amutpdural knowledge in mathematics: An
introductory analysis. In J. Hiebert (EdQpnceptual and procedural knowledge: The
case of mathematidpp. 1-27). Hillsdale, NJ: Lawrence Erlbaum.

Hoch, M., & Dreyfus, T. (2004). Structure sensehigh school algebra: The effect of
brackets.Paper presented at the 28th Conference of the natemal Group for the
Psychology of Mathematics Educatid@ergen, Norway: PME.

Hoch, M., & Dreyfus, T. (2006). Structure sensesusrmanipulation skills: An unexpected
result. Paper presented at the 30th Conference of the natemal Group for the
Psychology of Mathematics Educatiéthtague, Czech Republic: PME.

Janvier, C. (1996). Modeling and the initiationoirdlgebra. In N. Bednarz et al. (Ed.)
Approaches to algebrgp. 225-236). Dordrecht: Kluwer Academic Publigher

Kilpatrick, J., Swafford, J., & Findell, B. (Eds.{2001). Adding it up Washington, D.C:
National Academy Press.

Kirshner, D., & Awtry, T. (2004). Visual saliencé algebraic transformationsournal for
Research in Mathematics Educati®@&(4), 224-257.

Linacre, J. M. (2009)A user's guide to Winstep&etrieved August 31, 2012, from
http://www.winsteps.com/winsteps.htm

Linchevski, L., & Livneh, D. (1999). Structure send he relationship between algebraic and
numerical context€Educational Studies in Mathematje€)2), 173-196.

Matz, M. (1982). Towards a process model for highosl algebra errors. In D. Sleeman, &
J. Brown (Eds.)Intelligent Tutoring Systenm(pp. 25-50). London: Academic Press.

McCallum, W. (2010). Restoring and balancing. InW&iskin, K. Andersen, & N. Zotto
(Eds.), Future curricular trends in school algebra and gezing: Proceedings of a
conferencdpp. 277-286). Charlotte, NC: Information Age Pabing Inc.

National Mathematics Advisory Panel. (200Bhundations for success: The final report of
the national mathematics advisory pané&Nashington, D.C.. U.S. Department of
Education.

Novotna, J., & Hoch, M. (2008). How structure sefmealgebraic expressions or equations
is related to structure sense for abstract algebl@hematics Education Research
Journal,20(2), 93-104.

Rasch, G. (1980)Probalistic models for some intelligence and attaémt testsChicago:
University of Chicago Press.

Rosnick, P. (1981). Some misconceptions concertiiagconcept of variabléMathematics
Teacher74(6), 418-420.

Schoenfeld, A., & Arcavi, A. (1988). On the meaniofyvariable.Mathematics Teacher,
81(6), 420-427.

Sfard, A. (1991). On the dual nature of mathembhtioaceptions: Reflections on processes
and objects as different sides of the same daducational Studies in Mathematics,
22(1), 1-36.

Sfard, A., & Linchevski, L. (1994). The gains antfglls of reification: The case of algebra.
Educational Studies in Mathemati@§(2-3), 191-228.



THE DEVELOPMENT OF STUDENTS’ ALGEBRAIC PROFICIENCY 78

Skemp, R. R. (1976). Relational understanding asttumental understandinglathematics
Teaching,77, 1-7.

Trigueros, M., & Ursini, S. (1999). Does the undiansling of variable evolve through
schooling?Paper presented at the 23rd Conference of the nategsnal Group for the
Psychology of Mathematics Educatidtaifa, Israel: Technion.

Ursini, S., & Trigueros, M. (2001). A model for these of variable in elementary algebra
Paper presented at the 25th Conference of theratemal Group for the Psychology of
Mathematics EducatiorUtrecht: Freudental Institute.

Van Gastel, L., Cuypers, H., Jonker, V., Van deeVi., & Van der Zanden, P. (2007).
Eindrapport nationale kennisbank basisvaardighed#skunde Amsterdam: Consortium
NKBW.

Van Gastel, L., Cuypers, H., Grift, Y., Kaper, Wan der Kooij, H., Tempelaar, D. et al.
(2010).Aansluitmonitor Wiskunde VO-H@msterdam: Consortium NKBW.

Van Stiphout, I. M. (2011)The development of algebraic proficier{®octoral dissertation).
Eindhoven School of Education, Eindhoven, The Nednels.

Van Stiphout, I. M., Drijvers, P. & Gravemeijer, R013). The implementation of contexts
in Dutch textbook series: a double didactical tPatk Lindmeier, A.M. & Heinze, A.
(Eds.).Proceedings of the 87Conference of the International Group for the Psyogy
of Mathematics Educatioivol. 4, pp. 337-344. Kiel, Germany: PME.

Wagner, S. (1983). What are these things callebigs?Mathematics Teachef,6, 474-
479.

Wenger, R. (1987). Cognitive science and algelamlag. In A. Schoenfeld (Ed.ognitive
science and mathematics educatfpp. 217-251). Hillsdale, NJ: Lawrence Erlbaum.

Authors

Irene van StiphoutPhD., Eindhoven School of Education, Cito Amsterdamsed@gP.O.
Box 1034, 6801 MG Arnhem, The Netherlanbspe.vanStiphout@cito.nl

Paul Drijvers Associate Professor, Freudenthal Institute for Science and
Mathematics Education, Faculty of Science, Utredbmiversity, Princetonplein
5, Office 367, PO Box 85170, 3508 AD Utrecbidrijvers@uu.nl

Koeno Gravemeijer-ull Professor Emeritus, Eindhoven School of Educatiofechnische
Universiteit Eindhoven P.O. Box 513 5600 MB Eindanyk.gravemeijer@tue.nl




79 I. Van Stiphout, P. Drijver& K. Gravemeijer

Appendix: Test Items

Tasks with an A in the measure are tasks that bameed as anchor items in the Rasch
analysis. Tasks are arranged by increasing meaBueeRasch measure of a task corresponds
to a probability of 0.50 to answer that task cdiyec

Test Item Included in test Rasch
version Measure
(logits)
Expand the brackets:" # $ March 2008 -3.46 A
Expand the brackets: % & May 2008 -3.46 A
Expand the brackets: "% & October 2008 -3.46 A
Expand the brackets:" % & February 2009 -3.46 A
Simplify: March 2008 -1.47 A
Simplify: # $ " % May 2008 -1.47 A
Simplify: " ' o October 2008 -1.47 A
Simplify: February 2009 -1.47 A
You know the operations plus, minus, multiplicated October 2008 -1.24
division. We introduce an operation, diamond, & is
defined as follows. For two numbetsaand$, we say# ( $
# # $.Does#($ $(#holdforall number# and$?
Simplify # # ) # * .Show your work. March 2008 -0.85 A
Simplify " + . Show your work. May 2008 -0.85 A
Simplify # "# # . Show your work. October 2008 -0.85 A
Simplify # "# # ) . Show your work. February 2009 -0.85 A
Solve: February 2009 -0.60
Simplify: — / - February 2009 -0.50
Solve: March 2008 -0.48
A classmate asks for your help in solvirg— . He does ~ March 2008 -0.31

not know how to start. Describe what you would aldé¢lp your

classmate.

345



THE DEVELOPMENT OF STUDENTS’ ALGEBRAIC PROFICIENCY 80

Test Item Included in test Rasch
version Measure

(logits)
Slmpllfy 0-- _/. -1 — May 2008 -0.22
Solve; — October 2008 0.01
35

Martijn claims thaf? implies 7 . Explain ~ May 2008 0.07

why you do or do not agree with Martijn.

Solve: +2 March 2008 0.33

Solve: May 2008 0.68

Substitute# and$ in  #$ #$ October 2008 0.72

Substitute# and$ in #9$ #3$ March 2008 0.91

Martijn claims that #  # holds for all numberst. Explain ~ March 2008 1.00

why you do or do not agree with Martijn.

Is there any for Whichl:— ? If so, calculate ; if not, February 2009 1.34

explain why such an does not exist.

Is there any for which 1— ? If so, calculate; if not, March 2008 1.37

explain why such an does not exist.

Rewrite the formula & as a formula of the fori March 2008 1.43

something with ...

Solve: ). October 2008 2.01

Solve:#t # . The square roots may remain. October 2008 3.94

f# $ # 3, then# March 2008 6.13




