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 There is a general consensus that both conceptual and procedural knowledge are essential for students’ 
mathematical development. A common argument is that differences in mathematical performance are caused by 

differences in conceptual and procedural knowledge. Therefore, it is important to investigate to what extent such 

differences in conceptual and procedural knowledge are empirically evident at the level of individual students. 

Accordingly, the aim of the present study is to describe individual differences in conceptual and procedural 

knowledge using the example of fractions and to analyze their relationship to the covariates grade level, school 
type, school, class, gender, and general cognitive abilities. Data from 377 students in grades 8 and 9 from 18 classes 

at four schools in Germany was examined. A hierarchical cluster analysis showed five clusters which reflected 

individual differences in conceptual and procedural knowledge. The clusters were characterized by (a) equal 

strengths in conceptual and procedural knowledge, (b) relative strengths in procedural knowledge compared to 

conceptual knowledge, (c) relative weaknesses in procedural knowledge compared to conceptual knowledge. 
Cluster membership was not related to gender or grade level, whereas the school type, school, and grade level 

were relevant for cluster membership. A stronger correlation between conceptual knowledge and general 

cognitive abilities could only be confirmed to a limited extent. 
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INTRODUCTION 

The distinction between conceptual and procedural knowledge as two different types of knowledge is found in psychology 

(e.g., Anderson, Funke, Neuser-von Oettingen, & Plata, 2013; Anderson & Krathwohl, 2001; Rittle-Johnson & Schneider, 2015) as 

well as in mathematics education (Geary, 2004; Geary et al., 2008; Hiebert & Lefevre, 1986). Conceptual knowledge is commonly 

defined as knowledge of concepts and principles which are fundamental in a certain domain (Byrnes & Wasik, 1991; Hiebert & 

Lefevre, 1986; Kilpatrick, Swafford, & Findell, 2001) and knowledge of why a mathematical procedure works (Crooks & Alibali, 2014; 

Kilpatrick et al., 2001). Conceptual knowledge of fractions involves knowing special characteristics of fractions (e.g., relation of 

numerator and denominator, density of fractions) and various aspects of fractions (e.g., Kieren, 1976; Malle, 2004; Padberg & 

Wartha, 2017). Procedural knowledge is defined as knowledge of how a procedure works. It is the knowledge of a sequence of steps 

or partial actions which are performed to achieve a specific goal (Byrnes & Wasik, 1991; Hiebert & Lefevre, 1986; Malle, 2004; 

Prediger, Barzel, Leuders, & Hußmann, 2011; Rittle-Johnson, Siegler, & Alibali, 2001). Procedural knowledge of fractions is highly 

complex, as fractions are processed differently in the calculation procedures. For example, the multiplication of fractions allows 

a component-wise processing of numerator and denominator, which is not possible for addition and subtraction. 

As the definitions suggest, conceptual and procedural knowledge are closely interrelated. Accordingly, previous studies have 

found substantial positive correlations between them (e.g., Rittle-Johnson & Schneider, 2015). These strong positive correlations 

raise the question whether conceptual and procedural knowledge can be separated empirically at all. Consequently, previous 

studies have addressed the empirical separability, analyzing conceptual and procedural knowledge on a latent level (Hecht, Close, 

& Santisi, 2003; Lenz, Dreher, Holzäpfel, & Wittmann, 2019a). In particular, confirmatory factor analyses were conducted to 

determine whether conceptual knowledge and procedural knowledge represent two distinct dimensions by means of model 

comparisons. The results showed a substantial loss in the fit of the model to the data when a one-factor model was specified 

instead of a two-factor model. Therefore, it has been assumed that conceptual and procedural knowledge are two different types 

of knowledge that can be separated both theoretically and empirically.  

As the relationship between conceptual and procedural knowledge is not sufficiently clarified so far (Rittle-Johnson & 

Schneider, 2015; Vamvakoussi, Bempeni, Poulopoulou, & Tsiplaki, 2019), the aim of this study is to describe individual differences 
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in conceptual and procedural fraction knowledge in more detail and to analyze their relationship to relevant factors. Fractions are 

a challenge for both students and mathematics teachers throughout the world (Lortie-Forgues, Tian, & Siegler, 2015) and there is 

consensus among researchers that the distinction between conceptual and procedural knowledge is important in understanding 

and remedying these problems (e.g., Gabriel, Coché, Szucs, Carette, Rey, & Content, 2013; Rittle-Johnson & Schneider, 2015; 

Siegler & Lortie-Forgues, 2015). 

THEORETICAL FRAMEWORK 

Concerning how conceptual and procedural knowledge develops, there are three different theoretical assumptions, each 

supported by empirical findings: (1) procedures first, (2) concepts first, and (3) iterative (Rittle-Johnson & Schneider, 2015). These 

approaches are described in more detail below, taking into account empirical results primarily in the field of fractions. 

The procedures first approach assumes that procedural knowledge is the basis for the development of conceptual knowledge. 

It states that learners can recognize underlying mathematical concepts and principles when executing a procedure repeatedly 

and acquire conceptual knowledge that way. Empirical studies have confirmed that procedural knowledge precedes conceptual 

knowledge. In the field of fractions, learners applied procedural knowledge without conceptual knowledge though they were not 

able to explain why the procedures work this way (Kerslake, 1986; Peck & Jencks, 1981). Young children performed the counting 

procedure without having conceptual knowledge about counting principles (Baroody & Gannon, 1984; Briars & Siegler, 1984). 

The concepts first approach conversely says that conceptual knowledge is the prerequisite for developing procedural 

knowledge, which is also supported by empirical evidence. In the field of fraction addition, conceptual knowledge can predict 

procedural knowledge but not vice versa (Byrnes & Wasik, 1991). In the field of addition and subtraction of multi-digit numbers, 

conceptual knowledge in the first class can predict procedural knowledge at the same time as well as procedural knowledge at a 

later time of measurement (Hiebert & Wearne, 1996). 

Mediating between the first two approaches, the iterative approach assumes that conceptual and procedural knowledge 

develop mutually interdependently. An improvement in one type of knowledge causes an improvement in the other type, and vice 

versa. This approach is also substantiated by empirical evidence. With regard to decimal fractions, procedural knowledge at 

pretest predicted conceptual knowledge at posttest, and analogously conceptual knowledge at pretest predicted procedural 

knowledge at posttest (Rittle-Johnson et al., 2001). While some studies have shown symmetrical effects regarding the relationship 

between the two types of knowledge (e.g., Schneider, Rittle-Johnson, & Star, 2011 for linear equations), numerous empirical 

findings in the field of fractions suggest that conceptual knowledge has a greater effect on the development of procedural 

knowledge than vice versa (Byrnes & Wasik, 1991; Fuchs et al., 2013; Hecht & Vagi, 2010; Rittle-Johnson et al., 2001). 

As the empirical results described above are based on correlations, they reflect the relationship between conceptual and 

procedural knowledge at a group level. However, they cannot answer the question of how this relationship behaves at the 

individual level (Vamvakoussi et al., 2019).  

Another line of research deals with individual differences in conceptual and procedural knowledge and aims on knowledge 

profiles which describe the relationship of conceptual and procedural knowledge by means of cluster analysis for groups of 

learners. Studies have identified clusters of students whose levels of conceptual and procedural knowledge are equally high or 

low. However, there were also groups of students who showed different levels of conceptual and procedural knowledge, i.e. more 

or less procedural knowledge than could have been expected from their conceptual knowledge or vice versa (Bempeni, 

Poulopoulou, Tsiplaki, & Vamvakoussi, 2018; Hallett, Nunes, & Bryant, 2010; Hallett, Nunes, Brynt, & Thorpe, 2012; Hecht & Vagi, 

2012). These findings indicate that conceptual and procedural knowledge develop differently at the individual level. 

Research on the causes of these individual differences is scarce and has not yet led to conclusive results. Three aspects are 

discussed in more detail below: (1) learning experiences, (2) general cognitive abilities, and (3) gender. Regarding the students’ 

learning experiences there are ambiguous findings. While some results indicate an effect of the attended school on individual 

differences in conceptual and procedural knowledge, this effect was not visible in other results (Hallett et al., 2010, 2012). With 

respect to general cognitive abilities, empirical studies unveil higher correlations between conceptual knowledge and general 

cognitive abilities than between procedural knowledge and general cognitive abilities (e.g., Jordan et al., 2013). Thus, it seems 

plausible that students with higher general cognitive abilities have particular advantages in developing conceptual knowledge, 

but there is no clear empirical evidence for this hypothesis (e.g. Hallett et al., 2012). Regarding gender, there is no theoretical basis 

for assuming an impact on individual differences in conceptual and procedural knowledge. Nevertheless, there are empirical 

findings that indicate an effect of gender on individual differences in conceptual and procedural fraction knowledge for younger 

students but not for older ones (Hallett et al., 2010, 2012). 

RESEARCH QUESTIONS 

Concerning students’ difficulties with fractions, many explanatory approaches are based on the distinction between 

conceptual knowledge and procedural knowledge. To get further insight into reasons and remedies for these difficulties, it is thus 

necessary to examine individual differences in conceptual and procedural fraction knowledge in more detail and to analyze their 

relationship to different factors. Specifically, the following two research questions are investigated: 

1) Are there individual differences in students’ conceptual and procedural fraction knowledge and what do they look like? 

2) Are these individual differences related to the factors grade level, school type, school, class, general cognitive abilities and 

gender? 
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METHODOLOGY 

Participants and Procedure 

In this study N = 377 German 8th- and 9th-graders from 18 classes of four secondary schools located in various regions were 

examined. Of these four schools, two were Realschule (n = 235), two were Gymnasium (n = 142). The Realschule offers a 

comprehensive general education and is mainly aimed at vocational qualifications; it is intended for students with an average 

level of academic performance. The Gymnasium is the more advanced school type and provides a broader and deeper general 

education; it is intended for students with above average level of academic performance. One of the two schools belonging to 

Gymnasium even has a special profile in the field of gifted education. All these aspects considered, the sample maximizes the 

individual differences in learning experiences and general cognitive abilities. 

In Germany, fractions are usually taught in 6th grade. Therefore, it can be assumed that students in the 8th and 9th grade have 

completed their course, and thus have a stable fractional knowledge acquired over the long term. Hence, no short-term effects 

are measured. In addition, the higher-grade levels seem to be particularly interesting with regard to individual differences in 

conceptual and procedural knowledge, since it is assumed that the differences in the two types of knowledge decrease with 

increasing expertise (Baroody, Feil, & Johnson, 2007; Hallett et al., 2012). If this is the case, individual differences in conceptual 

and procedural knowledge should be common when students first encounter fractions, but not in grades 8 and 9. 

The data was collected in a whole-class setting. Participants were randomly assigned to one of four test versions containing 

the same items but in different order. Their regular teachers administered the data collection following a standardized procedure. 

Measures 

The assessment was conducted in written form and consisted of three parts: (1) a test of conceptual and procedural fraction 

knowledge, (2) a test of general cognitive abilities and, additionally, (3) a personal questionnaire (grade level, type of school, 

gender). Hereafter, the two test instruments are described in more detail. 

To assess conceptual and procedural fraction knowledge, a test instrument was used which has been extensively validated 

(Lenz et al., 2019a). It comprises 37 items, 18 of which are on the procedural subscale (Cronbach’s alpha α = .90) and 19 on the 

conceptual subscale (Cronbach’s alpha α = .88) (see Table 1). Since the intended test use is to investigate conceptual and 

procedural fraction knowledge independently of each other, fraction tasks which can be solved using conceptual as well as 

procedural knowledge (e.g., size comparison tasks) or which require both types of knowledge (e.g., word problems) are not 

included in this test instrument. Thus, the test instrument does not assess overall fraction performance, but is specifically for the 

differentiated measurement of conceptual and procedural knowledge. The conceptual knowledge subscale contains three 

different task types:  

1) tasks requiring the verbalization of conceptual knowledge, e.g., to write explanations (C1_verbalization); 

2) tasks addressing the application of conceptual knowledge, e.g., number line tasks to assess the application of the 

measurement aspect (C2_application); 

3) tasks requiring the visualization of conceptual knowledge, e.g., to draw a visualization or shade a figure to match a given 

fraction in symbolic form (C3_visualization). 

Table 1. Test instrument for assessing conceptual and procedural knowledge 

indicator variables type of item number 

of items 

sample item 

C1_verbalization write an explanation referring to 
concepts 

5 Rosa says: “ 
3

7
 is bigger than 

3

5
 , because 7 is bigger 

than 5”. Explain why she is not right. 

C2_application apply the measurement aspect in 

number line tasks 

 

8 Locate the fractions on the numberline 

 

 

 

 
 

 
 

 

C3_visualization visualize the part-whole aspect in 
translation tasks 

6 Shade 
3

5
 of the rectangle. 

 

 

 
 

 

P1_verbalization  write an instruction referring to 

procedures 

2 Write an instruction for adding fractions with unlike 

denominators.  

P2_application_conversion convert improper fractions to mixed 

fractions and vice versa 

4  
14

5
=  

P3_application_addition_subtraction calculate addition and subtraction tasks 8 5

8
−

1

3
=  

 

P4_application_expand_simplify expand and simplify fractions 4 12

28
=  

 

 7 
  

 

 (Lenz et al., 2019a) 
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The subscale for procedural knowledge comprises two task types, wherein the tasks requiring the application of procedural 

knowledge are divided into three subtypes: 

1) tasks requiring the verbalization of procedural knowledge, e.g., writing instructions concerning a calculation procedure 

(P1_verbalization); 

2) tasks requiring the application of procedural knowledge, e.g., 

- converting improper fractions into mixed fractions, and vice versa (P2_application_conversion), 

- adding or subtracting fractions (P3_application_addition_subtraction), 

- expanding and simplifying fractions (P4_application_expanding_simplifying). 

The task type P3_application_addition_subtraction includes tasks of the following kinds: (a) proper fractions with same 

denominators; (b) proper fractions with different denominators and one denominator being a multiple of the other; (c) proper 

fractions with different denominators which are not multiples of each other; (d) a proper fraction and a whole number. 

Concerning the second research question, cognitive abilities were assessed as a covariate using the “Figural Analogies B” 

subscale of the “KFT 4-12 + R” (Heller & Perleth, 2000), a German version of the “Cognitive Abilities Test” (Thorndike & Hagen, 

1971). The subscale consists of 25 items in multiple-choice format. It requires drawing correct analogies by understanding 

relationships between two presented figures and transferring them to another pair of figures. This subscale grasps a highly g-

loaded ability component which is little influenced by school learning (Holling, Preckel, & Vock, 2004). The internal consistency of 

the subscale was estimated according to the Kuder-Richardson formula 20 (Lienert, 1969, p. 226-227) based on item difficulties, 

discriminatory power, and standard deviation. The internal consistency was .90 for 8th grade and .85 for 9th grade. Retest 

reliability was .93 for 8th grade and .90 for 9th grade (Heller & Perleth, 2000, p. 20-21). 

Data Analysis 

For data analysis the Statistical Package for the Social Sciences (SPSS 24) was used.  

Students’ responses were scored dichotomously (0: incorrect, fragmentary, or missing; 1: correct). To test intercoder 

reliability, about 10% of the data was coded by a second person. The degree of agreement was determined using Cohen’s kappa 

for each item, which represents the degree of concordance in coding, while controlling for chance agreement. Adequate intercoder 

reliability was obtained with 0.823 ≤   ≤ 1 for all items. 

As cluster analyses are well established to describe individual differences in conceptual and procedural knowledge, a 

hierarchical cluster analysis was conducted. Following previous research on individual differences in fraction knowledge, Ward’s 

method and residualized scores were used (e.g., Hallett, 2010, 2012; Hecht & Vagi, 2012). Residualized scores describe individual 

differences in terms of the discrepancy between expected and observed scores, which allows to eliminate shared variance 

between conceptual and procedural knowledge (Cohen, Cohen, West, & Aiken, 2013). This makes sense because conceptual and 

procedural knowledge are usually highly correlated (e.g., Hallett et al., 2010; Lenz et al., 2019a; Schneider & Stern, 2010). As 

residualized scores represent relative scores and not absolute scores, a more precise description of the identified clusters based 

on students’ performance in the test is not possible. Since this study aims at an in-depth description of individual differences in 

conceptual and procedural knowledge, the residual scores were not used for both types of knowledge, but only for procedural 

knowledge. 

In detail, the following procedures were implemented. The sum scores of the procedural and the conceptual scale were z-

standardized. Based on the assumption that conceptual knowledge influences procedural knowledge more than vice versa (as 

stated above), a linear regression with procedural knowledge as dependent variable and conceptual knowledge as predictor 

variable was conducted. The residual scores for procedural knowledge calculated by the linear regression represent relative scores 

which indicate a strength or weakness in procedural knowledge relative to conceptual knowledge. Accordingly, a positive residual 

score indicates that a person has more procedural knowledge than would have been expected from his or her conceptual 

knowledge. Conversely, a negative residual score indicates that a person has less procedural knowledge than would have been 

expected from his or her conceptual knowledge. 

For an in-depth understanding of the individual differences, the descriptive statistics of the task types (mean values, standard 

deviations) were analyzed. One-way analysis of variance (ANOVA) was used to compare the mean values. In addition, a Chi-square 

test was used to investigate whether distributions of different profiles were related to the factors grade level, school type, school, 

class, or gender. Finally, a one-way ANOVA was conducted to assess the effects of general cognitive abilities on cluster 

membership. In case of homogeneity of variance (Levene’s test, p > .05), Bonferroni post-hoc analyses were run. Otherwise, where 

there was insufficient homogeneity of variance, a Welch ANOVA and the Games-Howell post-hoc test were used. 
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RESULTS 

Results of the Cluster Analysis and Cluster Characterization 

The hierarchical cluster analysis provided a five-cluster solution, according to the dendrogram and the coefficients of the 

assignment overview (Bühl, 2016; Wiedenbeck & Züll, 2010). The determined clusters (see Figure 1 and Table 2) can be described 

as having different levels of conceptual and procedural knowledge. These are the identified clusters in descending order of 

conceptual knowledge:  

1) high conceptual knowledge and equally high procedural knowledge (cluster 1), 

2) average conceptual knowledge and lower procedural knowledge than would have been expected from conceptual 

knowledge (cluster 2), 

3) average conceptual knowledge and higher procedural knowledge than would have been expected from conceptual 

knowledge (cluster 3), 

4) low conceptual knowledge and higher procedural knowledge than would have been expected from conceptual knowledge 

(cluster 4), 

5) low conceptual knowledge and lower procedural knowledge than would have been expected from conceptual knowledge 

(cluster 5). 

Cluster 1 was the only cluster with an equal level of conceptual and procedural knowledge while the other four clusters 

represented different levels of conceptual and procedural knowledge: Cluster 2 and cluster 5 contained students who had on 

average lower procedural knowledge than would have been expected from their conceptual knowledge, whereas cluster 3 and 

cluster 4 contained students who had on average higher procedural knowledge than would have been expected from their 

conceptual knowledge. 

 

Figure 1. Results of the cluster analysis. Note: Error bars represent the standard deviations. 

Table 2. Descriptive statistics by cluster membership 

 

cluster 1 cluster 2 cluster 3 cluster 4 cluster 5 

n = 162 n = 22 n = 81 n = 50 n = 62 

M (SD) M (SD) M (SD) M (SD) M (SD) 

conceptual knowledge (z-standardized) .89 (.48) −.10 (.43) −.11 (.35) −.11 (.35) −1.19 (.47) 

procedural knowledge (residual) −.05 (.51) −1.98 (.55) .96 (.47) .96 (.47) −1.10 (.52) 

Note: n = number of students in the cluster; M = mean value; SD = standard deviation 

-3.00

-2.50

-2.00

-1.50

-1.00

-0.50

0.00

0.50

1.00

1.50

2.00

cluster 1 cluster 2 cluster 3 cluster 4 cluster 5

conceptual knowledge (z-standardized) procedural knoweldge (residual)

n = 162 n = 22 n = 81 n = 50 n = 62
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The clusters differed in size: Cluster 1 was the largest (n = 162) and cluster 2 the smallest (n = 22), with three mid-sized clusters 

(n = 81, n = 50, n = 62). As the descriptive statistics showed (see Figure 2 and Table 3), there were similarities and differences 

between students with individual differences regarding the various task types. As expected, the students in cluster 1 showed a 

relatively high performance across all task types. These performances differed significantly from the performances of the other 

clusters. 

Cluster 2 and cluster 3 showed similar mean solution rates for task types assessing conceptual knowledge, whereas the 

clusters differed significantly in the mean solution rates of the task types assessing procedural knowledge. In particular, cluster 2 

showed lower average solution rates for the task types verbalization of procedural knowledge (P1_verbalization) and applying 

procedural knowledge with regard to fraction addition and subtraction (P3_application_addition_subtraction). 

For cluster 4 and cluster 5, a parallel pattern was observed regarding the three task types assessing conceptual knowledge, 

while there were significant differences in the four task types assessing procedural knowledge. Cluster 4 showed higher mean 

solution rates for the application of procedural knowledge, whereas students in cluster 5 showed poor performance across all task 

types. 

As expected the mean response accuracy for the conceptual task types (C1 to C3) differed statistically significant (FC1(4,372) = 

79.24, p < 0.001, 𝜂² = .46; FC2(4,372) = 167.01, p < 0.001, 𝜂² = .64; Welch’s FC3 (4, 94.97) = 112.92, p < 0.001, 𝜂² = .55). The post-hoc 

analyses (see Table 4) revealed that these significant differences were found between the clusters with high, average and low 

conceptual knowledge, while there were no significant differences between the clusters with similar levels of conceptual 

 

Figure 2. Mean levels of accuracy by cluster membership. Note: Non-significant differences (p > 0.05) which are not evident are 

indicated by the abbreviation n.s. 

Table 3. Mean level of accuracy by cluster membership 

 
cluster 1 

(n = 162) 

cluster 2 

(n = 22) 

cluster 3 

(n = 81) 

cluster 4 

(n = 50) 

cluster 5 

(n = 62) 

 M (SD) M (SD) M (SD) M (SD) M (SD) 

C1_verbalization .71 (.20) .54 (.25) .49 (.21) .24 (.20) .27 (.22) 

C2_application .79 (.20) .52 (.25) .48 (.21) .16 (.17) .17 (.17) 

C3_visualization .87 (.13) .72 (.18) .70 (.21) .38 (.19) .42 (.23) 

P1_verbalization .73 (.40) .18 (.36) .70 (.42) .38 (.44) .15 (.31) 

P2_application_conversion .84 (.27) .38 (.37) .86 (.27) .55 (.35) .21 (.28) 

P3_application_addition_ subtraction .87 (.20) .16 (.23) .90 (.12) .66 (.23) .17 (.19) 

P4_application_expanding_simplifying .88 (.18) .55 (.27) .86 (.17) .69 (.27) .41 (.30) 

Note: n = number of students in the cluster; M = mean value; SD = standard deviation 
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knowledge. Specifically, the mean scores in the conceptual task types for cluster 1 differed significantly from the mean scores of 

the other clusters. In addition, the mean scores of the conceptual task types for cluster 2 and cluster 3 were significantly different 

from the mean scores of the conceptual task types for cluster 4 and cluster 5. The pairwise comparison for both cluster 2 and 3 

and cluster 4 and 5 was non-significant. 

For the procedural task types (P1 to P4) there were also statistically significant differences between the mean response 

accuracy of the different clusters (Welch’s FP1 (4, 102.94) = 42.19, p < 0.001, 𝜂² = .27; Welch’s FP2 (4, 97.77) = 72.08, p < 0.001, 𝜂² = .44; 

Welch’s FP3 (4, 98.44) = 218.66, p < 0.001, 𝜂² = .70; Welch’s FP4 (4, 95.09) = 42.01, p < 0.001, 𝜂² = .40). The post-hoc analyses showed 

that cluster 1 and cluster 3 differed significantly from the other clusters, indicating a higher performance across all procedural 

tasks. Furthermore, the mean score for P3_addition_subtraction of cluster 4 differed significantly from the mean scores of cluster 

2 and cluster 5 while other pairwise comparisons between these clusters were non-significant. This indicates that considerable 

differences exist between these clusters that affect the processing of fraction addition and subtraction. 

Relationship between Cluster Membership and Affecting Factors 

Gender and learning experiences 

To answer research question 2, possible explanations for the identified individual differences in conceptual and procedural 

knowledge were explored. The distribution of students among the clusters is shown in Table 5. 

Cluster membership is independent of  

- gender (𝜒2 (8) = 12.13, p = .146), and  

- grade level (𝜒2 (4) = 4.34, p = .362). 

Obviously, individual differences in conceptual and procedural knowledge cannot be explained by students’ gender. There 

were also no effects of grade level on cluster membership. This seems plausible as both 8th and 9th graders have already fully 

absolved the course on fractions and therefore no fundamental differences in fraction knowledge were expected between them. 

In contrast, cluster membership is not independent of  

- school type (𝜒2 (4) = 69.402, p < .001),  

- school (𝜒2 (12) = 99.787, p < .001), and  

- class (𝜒2 (68) = 179.539, p < .001).  

Overall, these results provide evidence for the hypothesis that individual differences in conceptual and procedural knowledge 

are related to different learning experiences. It appears particularly interesting that effects at school and class level cannot be fully 

explained by the effects of the school type. The distributions of the clusters within the sub-sample of Realschule and the sub-

sample of Gymnasium were also dependent on the school attended (Realschule: 𝜒2 (4) = 28.266, p < .001; Gymnasium: χ2 (4) = 

18.278, p < .001). Furthermore, there were class effects within the sub-sample of Realschule (𝜒2 (36) = 70.551, p < .001), but not 

within the sub-sample of Gymnasium (𝜒2 (28) = 36,327, p < .134). 

Table 4. Results of the Post-hoc analysis 

 mean differences 

 C1 C2 C3 P1 P2 P3 P4 gca 

cluster 1 – cluster 2 .17** .27* .15** .55*** .47*** .71*** .33*** 4.70* 

cluster 1 – cluster 3 .22*** .31* .17*** .03 -.02 -.03 .019 2.97*** 

cluster 1 – cluster 4 .48*** .63* .49*** .35*** .29*** .21*** .19*** 6.78*** 

cluster 1 – cluster 5 .44*** .63* .45*** .58*** .64*** .70*** .47*** 6.10*** 

cluster 2 – cluster 3 .05 .36* .02 -.52*** -.49*** -.74*** -.31*** -1.73 

cluster 2 – cluster 4 .31*** .36* .34*** -.20 -.18 -.50*** -.14 2.09 

cluster 2 – cluster 5 .27*** .36* .30*** .03 .17 -.01 .14 1.40 

cluster 3 – cluster 4 .25*** .32* .32*** .32*** .31*** .24*** .17** 3.81*** 

cluster 3 – cluster 5 .22*** .32* .28*** .55*** .66*** .73*** .45*** 3.13** 

cluster 4 – cluster 5 -.03 -.01 -.04 .23* .34*** .49*** .28*** -.69 

Note. C1 = C1_verbalization; C2 = C2_application; C3 = C3_visualization; P1 = P1_verbalization; P2 = P2_application_conversion; P3 = 

P3_application_addition_subtraction; P4 = P4_application_expand_simplify; gca = general cognitive abilities. The difference of the mean values 

is significant at the level * p < 0.05; ** p < 0.01; *** p < 0.001 
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 General cognitive abilities 

Descriptive statistics for the variable general cognitive abilities confirmed the expected heterogeneity of the sample, showing 

a high standard deviation (M = 16.43, SD = 5.50). The sample contained many students with high cognitive abilities as well as weak 

students (Figure 3). 

Table 5. Cluster distribution 

 cluster 1  

(n = 162) 

cluster 2  

(n = 22) 

cluster 3 

(n = 81) 

cluster 4  

(n = 50) 

cluster 5 

(n = 62) 

gender 

 male (n = 216) 87 16 51 25 37 

 female (n = 161) 75 6 30 25 25 

grade level  

 8th grade (n = 215) 84 11 51 31 38 

 9th grade (n = 162) 78 11 30 19 24 

type of school, school, class 

Realschule (n = 235) 68 19 48 43 57 

 school A (n = 128) 52 6 30 20 20 

  class A-8a 6 0 7 6 4 

  class A-8b 14 0 10 4 2 

  class A-8c 12 2 5 3 5 

  class A-9a 7 4 2 4 7 

  class A-9b 13 0 6 3 2 

 school B (n = 107) 16 13 18 23 37 

  class B-8a 3 0 2 4 12 

  class B-8b 1 3 4 4 7 

  class B-8c 1 4 3 5 7 

  class B-9a 5 3 6 7 4 

  class B-9b 6 3 3 3 7 

Gymnasium (n = 142) 94 3 33 7 5 

 school C (n = 86) 46 3 25 7 5 

  class C-8a 12 1 6 1 1 

  class C-8b 10 1 8 4 1 

  class C-9a 6 1 7 1 2 

  class C-9b 18 0 4 1 1 

 school D (n = 56) 48 0 8 0 0 

 class D-8a 12 0 4 0 0 

 class D-8b 14 0 2 0 0 

 class D-9a 14 0 0 0 0 

 class D-9b 8 0 2 0 0 

Note: n = number of students 

 

Figure 3. Distribution of general cognitive abilities 
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Differences in general cognitive abilities were statistically significant, Welch’s F (4, 96.45) = 28.85, p < .001, 𝜂² = .24. The results 

of the corresponding post-hoc analyses (see Table 4) are discussed in the following.  

Based on the assumption that there is a stronger relationship between general cognitive abilities and conceptual knowledge 

than between general cognitive abilities and procedural knowledge, three hypotheses were tested: 

1) Clusters with similar conceptual knowledge should not differ significantly in general cognitive abilities despite their 

different levels of procedural knowledge. This was the case both for the clusters with average conceptual knowledge 

(cluster 2 and cluster 3) and the clusters with low conceptual knowledge (cluster 4 and cluster 5).  

2) The general cognitive abilities in cluster 1 (high conceptual knowledge) should differ significantly from the other clusters, 

which was also true. 

3) The two clusters with average conceptual knowledge (cluster 2 and cluster 3) and the two clusters with low conceptual 

knowledge (cluster 4 and cluster 5) should differ significantly in general cognitive abilities. This could only be confirmed to 

a limited extent, as it held for cluster 3 but not for cluster 2. Cluster 2 did not differ significantly in the general cognitive 

abilities from cluster 4 and cluster 5. 

Overall, these results only partially support the hypothesis that the individual differences in conceptual and procedural 

knowledge are related to general cognitive abilities. 

DISCUSSION 

In the following, central results of the present study are discussed, taking into account methodological aspects.  

The results of the present study provide further evidence for the existence of individual differences in conceptual and 

procedural knowledge, as a five-cluster solution was identified. Since previous studies on individual differences in conceptual and 

procedural knowledge used different methodological approaches (e.g., residualized versus non-residualized scores), they show 

slightly different cluster solutions. However, clusters of individual differences are not directly comparable across different studies 

regardless, since a hierarchical cluster analysis generates subgroups depending on the sample (Bortz & Schuster, 2010). In the 

following, the identified clusters are interpreted and discussed. 

Cluster 1 comprised students whose conceptual and procedural knowledge were both on an equally high level. It was clearly 

the largest of the five clusters (n = 162 of N = 377 overall). On the one hand, this corresponds with the high correlation of the two 

types of knowledge. On the other hand, this could be a consequence of the sample containing highly gifted students from one 

school who achieve very good results in all aspects of learning fractions. 

Both cluster 2 and cluster 5 included students whose procedural knowledge is on average lower than would have been 

expected from their conceptual knowledge.  

Cluster 2 was the smallest cluster (n = 22). Students who belong to this cluster have an average level of conceptual knowledge 

and a lower level of procedural knowledge than would have been expected from their conceptual knowledge. They succeeded 

quite well in expanding and simplifying fractions but showed deficits especially in the verbalization tasks and in the execution of 

fraction addition and subtraction. The vast majority of their errors were typical error patterns (e.g., adding fractions by adding the 

denominators and the numerators separately) and not careless errors as might have been expected. Obviously, these students 

were not able to transfer their conceptual knowledge into computational skills; or, put another way, their conceptual knowledge 

did not help them to avoid typical errors when calculating fraction tasks.  

Overall, the analysis of cluster 2 might indicate that knowledge of fractions can be separated not only into a conceptual and a 

procedural factor but possibly is fragmented into smaller partial factors (Herden & Pallack, 2000; Reinhold, 2019). 

Cluster 5 was an average-sized cluster (n = 62) characterized by low conceptual knowledge and even lower procedural 

knowledge than would have been expected from conceptual knowledge. Cluster 5 represented a counterpart to cluster 1 as it 

comprised students who performed low in both types of knowledge.  

Both cluster 3 (n = 81) and cluster 4 (n = 50) were of average size. The analysis of the task types showed a nearly parallel course 

for the two clusters, which can be interpreted in terms of gradual differences. These two clusters represented students whose 

procedural knowledge is higher than would have been expected from their conceptual knowledge. An explanation for this might 

lie in a way of teaching mathematics, which focuses on procedural knowledge rather than on conceptual knowledge. Textbook 

analyses indicate, for example, that most of the learning opportunities aim for procedural knowledge (in Singapore and Taiwan 

for the overall fraction unit: Yang, Reys, & Wu, 2010; in Germany for fraction operations: Lenz, Holzäpfel & Wittmann, 2019b; in the 

USA and Korea for multiplication and division of fractions: Son & Senk, 2010).  

In total, the results indicate that it does not seem plausible to base adaptive support strategies on the relative strengths and 

weaknesses of students’ conceptual and procedural knowledge, as is sometimes suggested (Hallett et al., 2012; Hecht & Vagi, 

2012). A more differentiated consideration of the knowledge profiles is necessary in order to derive concrete support strategies 

from them. In particular, cluster 2 and cluster 5 showed lower procedural knowledge than expected from conceptual knowledge, 

which suggests that procedural knowledge should be fostered. However, the students’ individual resources and needs differ 

between these two clusters. While students in cluster 5 need support in nearly all aspects, students in cluster 2 have some 

conceptual knowledge which can act as an appropriate basis to foster their procedural knowledge. Furthermore, the descriptive 

statistics show a high variance within the clusters, indicating that this classification is not sufficient for adaptive support. 

The present study found effects of the school type, the school, and the class on cluster membership. That such patterns were 

empirically evident might be a consequence of the very heterogeneous sample. Previous studies seem to have analyzed more 
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homogeneous samples, which might explain why such relationships addressing learning experiences were not evident at the 

empirical level (e.g., two schools of the same type in the same county in the study by Hallett et al., 2012). However, the sources of 

the observed relationships remain unclear. Differences in teaching objectives (curricular requirements, school profile) or teaching 

methods are just as conceivable as personality traits (e.g., general cognitive abilities) or social influences (catchment area, class 

structure).  

Nevertheless, the identified class effects (although the classes in the secondary school sub-sample did not differ significantly 

in general cognitive abilities) support the hypothesis that teaching can influence individual differences in conceptual and 

procedural knowledge.  

Considering the impact of general cognitive abilities on individual differences in conceptual and procedural knowledge, the 

fact that cluster 2 did not significantly differ from cluster 3 and cluster 4 in terms of general cognitive abilities to some extent 

reflects the German school system. In all three clusters students from Realschule were predominantly represented (this type of 

school is mainly attended by students with average general cognitive abilities), with fewer students from Gymnasium (with higher 

scores in general cognitive abilities). 

CONCLUSION 

Overall, the identified individual differences in conceptual and procedural fraction knowledge indicate that there are different 

ways to develop conceptual and procedural knowledge, as previously argued by others. This again challenges previous theoretical 

assumptions about the development of the two types of knowledge (procedures first, concepts first, iterative), which all postulate 

a common developmental relation between them. 

Due to the cross-sectional design of this study, which is in line with previous research, it remains unclear whether the individual 

differences in conceptual and procedural knowledge reflect snapshots of certain developmental stages or indicate stable 

knowledge profiles. Further research is needed to clarify the developmental relations using longitudinal designs. Moreover, if the 

identified individual differences do indeed reflect stable knowledge profiles, it would be interesting to investigate to what extent 

students have the same knowledge profile in different mathematical fields. 
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